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F. PODESTA & L. VERDIANI 

Abstract. We deal with seven dimensional compact Riemannian manifolds of pos- 
itive curvature which admit a cohomogeneity one action by a compact Lie group 

^^ , G. We prove that the manifold is diffeomorphic to a sphere if the dimension of the 

^^ ■ semisimple part of G is bigger than six. 

a^ 

o , 

D ' 1. Introduction. 

Q. 

Compact Riemannian manifolds of positive curvature have been studied by sev- 
eral authors and, in particular, the homogeneous ones have been classified many 
CN i years ago by Wallach ([Wa]) and by Berard-Bergery ([BB]). Non homogeneous ex- 

p^ ■ amples are quite rare and have been found in dimension 6 and 7 by Eschenburg 

more recently ([Esl], [Es2]). On the other hand it is natural to try to construct new 
^^ ' examples on manifolds which are not homogeneous but admit a large group of sym- 

ps| I metries; in this context, Searle ([Se]) has classified cohomogeneity one, positively 

curved Riemannian manifolds in dimension 5 and 6, finding, up to diffeomorphisms, 
r^ I only spheres and complex projective space, while the 4-dimensional case was treated 

in [HK]. 

The aim of this note is to study the seven dimensional case, under the assumption 
of a cohomogeneity one action of a compact Lie group of isometries. More precisely, 
(5X)i we say that a compact Lie group G acts on a compact manifold M by cohomogeneity 

' O ' one if it has a hypersurface orbit; in this case, the orbit space M/G is homeomorphic 

to S^ or to a closed interval [0, 1]. For a detailed exposition and the general results, 
we refer to [Br],[AA],[AAl]. 
. , Our main result is the following: 

^ Theorem. Let A'P he a compact, positively curved seven dimensional Riemannian 

manifold. Let G be a compact Lie group G acting isometrically and almost faithfully 
on M^ by cohomogeneity one. If the semisimple part of G has dimension bigger 
than 6, then KP is diffeomorphic to a sphere S"^ . 

Remark. Actually, we prove that, if we want to find a positively curved, cohomo- 
geneity one manifold not diffeomorphic to 5" , then the only "candidate" group is 
G — SU{2) X SU{2). This last case is much more complicated to be handled with 
and will be object of a forthcoming paper. 
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It is worthy noting here that, for istance, the Berger space V"^ = -j^T^y (see 
[Be]), endowed with the normal homogeneous metric of positive curvature, admits 
an isometric G-action of cohomogeneity one, where G = Sp{l) x Sp{l) C Sp{2). 
We recall that the space V'^ is obtained by considering the immersion of SU(2) 
into Sp{2) corresponding to the (essentialy unique) irreducible representation p of 
SU{2) on C* = H^, which is of quaternionic type; the space V is not homeomorphic 
to 5*^, although it has the same real cohomology (see [Be]). 

In order to prove that the action of G on V"^ has cohomogeneity one, we observe 
the following, li X S Oi, the Lie algebra of SU(2), then p{X) leaves exactly two 
quaternionc lines invariant, which we call Qi{X),Q2{X) and the two restricted 
representations p{X)\Q.rx) ^^e not equivalent. It then follows that, for generic 
g € Sp{2), the intersection G fl gSU{2)g~^ will be finite and a principal G-orbit 
has dimension 6. 

2. Proof of the main Theorem. 

First of all we recall that the manifold M^, being of positive curvature and 
compact, has finite fundamental group, so that we shall always suppose that M^ is 
simply connected. This implies that there is no fibration of M^ on S^, so that there 
are exactly two singular orbits. Throughout the following, we will use the symbols 
K to denote a fixed regular isotropy subgroup and H, H' to denote two singular 
isotropy subgroups with K C H D H' ; it follows from the general theory that H/K 
and H' / K are diffeomorphic to spheres of positive dimensions, since there cannot 
be execeptional orbits (see [Br], [AA]). 

We shall use the following results ([GS]): 

Theorem 1.1, [GS]. Let (M^^,g) be a simply connected, n-dimensional compact 
CPCM. 

(1) // a torus T^ acts isometrically on M , then k < [^^^], with equality if and 
only if M" is diffeomorphic to a sphere 5*" or a complex projective space 

(2) If T^ or SU{2) acts isometrically on M" with a fixed point set of codimen- 
sion two or less than four respectively, then M" is diffeomorphic to a sphere 
S" , to a complex projective space CP"' or to a quaternionic projective space 



So, we will suppose that the group G has rank less or equal to 3. Furthermore, 
since the regular orbit has dimension 6, the group G must have rank at least 2. 

We will divide our analysis according to the difference d between the rank of G 
and the rank of the regular isotropy subgroup K . Moreover we note that, since the 
group G acts almost effectively on M, it acts almost effectively on the regular orbit 
too, so that K cannot contain any ideal of G. 

Case d — 0. 

In this case, K has maximal rank and therefore G is semisimple. We will now 
subdivide our study according to the rank of G: 



Subcase rank(G') = 2. 

If G is not simple, then G is locally isomorphic to SU{2) x SU{2) and K must 
be 2-dimensional, so that G/K has dimension 4. So, we are left with the case 
G simple. Now, all compact rank 2, simple Lie groups are locally isomorphic to 
SU{3),Spin{5),G2 (recall that Sp{2) = Spin{5)). We examine each case sepa- 
rately: 

a) li G — G2, then K has dimension 8 and has maximal rank. Since the maximal 
subalgebras of maximal rank of 02 are 02 and 2ai (see [GG]), we see that the Lie 
algebra t oi K must be maximal, isomorphic to 02. In this case, the Lie algebra of 
a singular isotropy subgroup must coincide with g, since there are no exceptional 
orbits. It then follows that the action of G has exactly two fixed points and the 
manifold is diffeomorphic to S"^. 

b) If G = Spinib), then K has dimension 4 and rank 2; so the only possibility for 
Ms 6 = M + ai . Again the Lie algebra t is maximal and G should have a fixed 
point by the same argument as above. But Spin{5) does not act transitively on a 
6-dimensional sphere (see [AA]) and this case is ruled out. 

c) If G = SU{3), then K has dimension 2 and rank 2, so that K°, the connected 
component of K, coincides with a maximal torus T^ of G. We fix K once for 
all. We now consider a singular isotropy subgroup if, with Lie algebra t): now H 
contains K and H/K is diffeomrophic to a sphere. It is not difficult to see that 
the only possibility for f) is () = R + ai , maximal Lie subalgebra of maximal rank 
in 02 = Q- We observe that, each singular orbit is of codimcnsion 4 in M^, so 
that it is simply connected; therefore H is connected, isomorphic to U(2) and K is 
also connected, isomorphic to T^. There are exactly three immersions of U{2) into 
SU{3), containing the maximal torus T^ and they are mutually conjugate by the 
Weyl group. It then follows that we have to consider exactly two cases: the first 
when the two singular isotropy subgroups H, H' are isomorphic to U{2) but with 
different immersions and the second one, when H ^ H' . 

Lemma 3.1. Given the triple (H, K, H' ) of subgroups of G = SU{3) with K — T"^ , 
maximal torus and H,H' = U{2), then 

(1) if H ^ H' , then the manifold is diffeomorphic to S^; 

(2) if H = H' , then the manifold does not carry any positively curved, G- 
invariant metric. 



Proof. The first case is easily handled, since the 7-dimensional sphere admits a co- 
homogeneity one action of the group SU{3), induced by the adjoint representation, 
which admits a triple of subgroups as in (1). 

In case H = H' , we decompose g = t -I- mi 4- m2 -f tris, where tUi, i = 1,2,3 
are two-dimensional, irreducible and mutually inequivalent t-modules. We can fix 
() = [}' = t + mi. We now fix a non zero vector v G m2 and consider a normal 
geodesic 7 : M — > M w.r.t. a positively curved G-invariant metric g on M; we 
choose 7 so that it induces the triple 9 = {H, K,H'). 

First of all, we claim that the Killing vector field X induced by i; on M never 
vanishes along 7. This is clear since i) — i)' and f ^ t). 



We now consider the smooth function /(t) = ||X||^(t) for t G R and we claim 
that / is a concave positive function, which is not possible. This will conclude our 
proof. 

It will be enough to check that /" (t) < for all t such that 7(t) is a regular point. 
First, we observe that the tangent space to a regular orbit splits into if-irreducible, 
mutually inequivalent submodules, so that the shape operator of the regular orbit 
hypersurface will preserve each submodule and will be a multiple of the identity 
operator on m2. Therefore, if we denote by D the Levi-Civita connection of g, we 
have that D^^fyX is a multiple of X^(^fy, we then have 

= 2^^£2ipDl 2{f'f - 2//" = -2//" > 0, ' 

since 5(Z?yX,X)-//'. D 

We now proceed considering the next 
Subcase rank(G') = 3. 

We have to distinguish G simple or not simple. 

Let us suppose that G is not simple: then G is locally isomorphic to cither 
G ^ SU{2f or G = SU{2) x Gi with Gi simple of rank 2. 

If G ^ SU{2f, then K° must be of the form K° = [T^f, where each T^ is a 
maximal torus in SU{2). But then a singular isotropy subgroup H should have a 
connected component equal to SU(2) x (T^)'^; both singular orbits G/H and G/H' 
would then be in codimension 3, hence they would be simply connected. Moreover, 
since the G-action on each singular orbit is not faithful, they would be totally 
geodesic (see [PV]) and diffcomorphic to S*^ x S'^; this is not possible, because 
S'^ X S'^ docs not carry any homogeneous positively curved metric (sec [HK]). 

If G = SU{2) X Gi, where Gi is simple of rank 2, then K° is of the form 
K° = T^ X Ki, where Ki C Gi subgroups of maximal rank; since dimG/K = 6, 
we have that dimGi/Xi ~ 4 and hence dimGi < 10. Now Gi can be either SU('S) 
or Spin{5). 

If Gi = SU{3), then G = SU{2) x SU{3) with K° = T'^ x U{2) and since 
U{2) is maximal in Gi, any singular isotopy subgroup H Z) K must be of the form 
H° = SU{2) x U{2)\ so any singular orbit is totally geodesic (see [PV]) and of 
codimension 3, contradicting Frankcl Theorem (see [Fr]). 

If Gi = Spin{5), then dimSi = 6: looking at the list of all maximal subalgebras 
of maximal rank in so(5), we see that ti is maximal and siomorphic to 2ai. Again, 
the same argument as above rules this case out. 

We are left with the case where G is simple of rank 3. Then G is locally isomor- 
phic to S't/(4), Spin{7), Sp{3). We have that dimi^ = dimG - 6 and Sp{3) does 
not have any such subgroup. 

In case G = 5'C/(4), we have that dim if = 9. But a 9-dimensional, rank 3 
subalgebra of 03 must be maximal, isomorphic to a2 + M; this means that any 



singular isotropy subalgcbra must coincide with g. But in this case G/ K is not 
difFeomorphic to a sphere, so it is impossible. 

In case G = Spin{7), the same kind of arguments show that K° — Spin(6), max- 
imal subalgebra; then G must have exactly two fixed points and M is diffeomorphic 

to S^. 

Case d = 1. 



We subdivide this case into two subcases, according to the rank of G equal to 2 
o3. 

(a) If rank(G)=2, then the rank of K is 1, hence K° = T^ or SU{2). Therefore 
dimG = 7 or 9. But there is no compact group G of rank 2 and dimension 7 or 9. 

(b) If the rank of G is 3, then K° belongs to the list: 

{T^,T^ X SU{2),SU{2f,SU{3),Spin{5),G2} ■ 

It then follows that dim K belongs to the set {2,4,6,8, 10, 14} and therefore dim G € 
{8, 10, 12, 14, 16, 20}. Now it easy to see that there is no compact group of rank 3 
and with the indicated dimension. 

Case d ^ 2. 



If the rank of G is 2, then K is discrete and G has dimension 6, hence G is locally 
isomorphic to SU{2)^. 

If the rank of G is 3, then K° is either T^ or SU{2). Therefore dimG G {7,9}. 
So G cannot be simple. If G is semisimplc, not simple, then the only possibility is 
G = SU{2)^, while, if G is not semisimple, then we have two possibilities, namely 
G^T^ X SU{2f or T^ x SU{i). 

Summing up, we found that in cases d — Q and d = 1, the manifold M must be 
diffeomorphic to the sphere S"^ . If d = 2, then we have the following possibilities 
for the pair (G, K°): 



n. 


G 


K° 


1 


T' X SU{i) 


SU{2) 


2 


SU{2f 


SU{2) 


3 


T^ X SU{2.)'^ 


yi 


4 


SU{2f 


{1} 



Table 1. 
We now prove the following 

Lemma 2.2. Case (1) in Table 1 occurs only if M is diffeomorphic to S . 



Proof. First of all we have to identify the subgroup K° ^ SU{2) inside G. Note 
that there are, up to conjugation, exactly two immersions of SU(2) into SU{3), 
corresponding to an irreducible or reducible representation of SU{2) on C'^. We 



want to prove that SU{2) inside SU{3) must correspond to a reducible representa- 
tion. Indeed, if not, wc consider the Lie algebra () of a singular isotropy subgroup 
H D K: since H/K must be diffeomorphic to a sphere and 5^(2) acts irreducibly 
on C'^, then the only possibility for () is () = su{2) +R. Moreover, since t has trivial 
centralizer in 3^(3), we get that t) contains the center of g. So, the action of G on 
G/H is not faithful and any singular orbit is totally geodesic in codimension 2; but 
this contradicts Frankel Theorem (see [Fr]). 

We then have that the centralizer of 6 in g has real dimension 2 and therefore 
K° ~ SU{2) fixes 3 dimensions; but then by Theorem 1.1, the manifold is diffeo- 
morphic to S'''. D 

Lemma 2.3. Case (2) in Table 1 occurs only if M is diffeomorphic to S'^ . 

Proof. Since the Lie algebra I cannot contain ideals of g, we have only two possi- 
bilities, namely (i): I = su{2)^ C 2su(2) or (m): 6 = su{2)^ C 3sm(2), where the 
symbol A means diagonal embedding. 

In case (i), t fixes exactly four dimension and Theorem 1.1 implies the claim. 

In case (ii), we consider a singular isotropy subalgebra f); since 6 has trivial 
centralizer in g, we see that f) = sw(2) -I- sm(2) containing t diagonally. But then, 
t) must contain an ideal su{2) of g; if we call p such an ideal, we see that the Lie 
group P = SU{2) corresponding to p fixes pointwise the orbit G/H in codimension 
four and again by Thm. 1.1 we get our claim. D 

We now want to analyze the case (3) carefully. In this case G — T^ x SU{2)'^ 
and the connected component K° — T^. We look for possible singular isotropy 
subalgebras t) D i: if n denotes the kernel of the slice representation of t), then we 
have the following possibilities: if n = 6, then f) can be isomorphic to (i) : M -I- 5-^(2) 
or (ii) : M^ and if n is trivial, then () can be isomorphic to (Hi) : R + su{2) or 
(iv) : su{2). 

We now observe the following: 

(1) the Lie algebra t can be supposed to have non trivial projection onto each 
5M(2)-factors; otherwise it is easy to show that t would fix 5 dimensions and 
we could apply Thm. 1.1. It then follows that the centralizer of Mn g is 
abelian and this excludes the possibility (i) for t). 

(2) If f) is isomorphic to K+S'u(2), then the semisimple part of t) can be supposed 
to be immersed diagonally, otherwise it would fix three dimensions and 
again we could apply Thm 1.1. So the center of f) would coincide with the 
center of g; then wc could restrict the action of G to its semisimple part 
G* = SU{2)'^, which would still act transitively on the singular orbit G/H 
and the semisimple part fy^ would act by cohomogeneity one on the normal 
space to G/H. Therefore we would reduce to case (1) in Table 1. 

(3) If t) is isomorphic to sm(2), then again we can suppose it to be diagonally 
embedded. The tangent space of G/H at some point p is an sii(2)-module 
and its complexification splits, as f)-module, as C + S'^{C'^). Now, the second 
fundamental form h of G/H at p gives rise to an S'u(2)-fixed vector in the 



space S'^{C + 5*^(0^)) ® 5^(C^), which is easily seen to have no such vector. 
Therefore, G/H is totahy geodesic and finitely covered by S^ x S^: this is 
impossible, since, being positively curved, it should have finite tti. 

It the follows that both singular isotropy subalgebras can be supposed to be iso- 
morphic to M^. It is also clear that if t) or [}' contains the center of g, then we could 
apply Thm 1.1; therefore we can suppose that neither [) nor [)' contains the center. 

We now consider the decomposition g — ()+M + mi+m2, where M is a trivial [)- 
module and rrii, i = 1, 2 are irreducible [)-modulcs (note that we are supposing that 
[) does not contain the center and that t is embedded diagonally) of real dimension 
two. 

It is easy to see that mi and m2 are [)-inequivalent modules, otherwise t) would 
contain the center of g. We now consider the second fundamental form h of G/H: 
since 1} acts trivially on M, it follows that K C ker/i. Moreover we consider the 
kernels rii, i = 1, 2 of the actions of f) on m,: it is clear that each n^ is not equal to t 
and therefore it acts transitively on the normal space. It follows that /i|mixmi = 0. 
Moreover rii docs not act trivially on m2 (otherwise rii should coincide with the 
center of g, which is not contained in g): therefore, by the invariance of h under the 
()-action, we see that, if /i|mixm2 t^ 0; then m2 is equivalent to V* , where V denotes 
the normal space to G/H. The same argument with 1X2, shows then that mi and 
m2 are equivalent, a contradiction. Therefore h = Q. But then G/H is a positively 
curved, homogeneous manifold of dimension 5, hence finitely covered by 5^; on the 
other hand the group G cannot act transitively on a 5-dimensional sphere (see e.g. 
[AA]). 

We have therefore proved that case (3) can be reduced to case (4) in Table 1, if 
we want to discard manifolds which are diffeomorphic to spheres. This concludes 
the proof of our main theorem. D 
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